
SOLUTION SEPTEMBER 2017
M. MATH LINEAR ALGEBRA MID-TERM EXAM SEMESTER I

Remark: All vector spaces in these questions are finite dimensional over a common field.
Each question carries 20 marks.

1. Show that all the bases in a vector space have the same size.

Solution: Let V be a finite dimensional vector space in which A = {v1, v2, · · · , vm} and B = {w1, w2, · · ·
, wn}, where m,n ∈ N, be two sets of vectors. First we show that if A is linearly independent and B
spans V , then m ≤ n.
Let m > n. Now, A is linearly independent =⇒ vi 6= 0,∀ i ∈ {1, · · · ,m}. Also B spans V =⇒
v1 =

∑n
i=1 αiwi. Then αi 6= 0, for some i ∈ {1, · · · , n}, otherwise v1 = 0. Let k be the first index

for which αk 6= 0. Now interchange the indices k ↔ 1 in B we get v1 =
∑n
i=1 αiwi, where α1 6= 0

=⇒ w1 = 1
α1

(
v1 −

∑n
i=2 αiwi

)
. Therefore if B1 = {v1, w2, · · · , wn}, then B1 also spans V . Thus,

v2 = β1v1 +
∑n
i=2 βiwi. Now if βi = 0,∀ i ∈ {2, · · · , n} =⇒ v2 = βv1 =⇒ v1, v2 are linearly

dependent, a contradiction, hence βi 6= 0, for some i ∈ {2, · · · , n}. Let j be the first indices in {2, · · · , n}
for which βj 6= 0. Similarly as above by rewriting the indices in B1 we get β2 6= 0. Hence v2 =
1
β2

(
v2 − β1v1 −

∑n
i=3 βiwi

)
, implies B2 = {v1, v2, w3, · · · , wn} spans V .

Since m > n we can continue this process up to n times. At the n-th step we get Bn = {v1, v2, · · · , vn}
spans V , implies A = {v1, · · · , vm} is linearly dependent, a contradiction. Hence m ≤ n.
Now, if A and B are both bases of V then using above result we get m ≤ n and n ≤ m =⇒ m = n.
Hence all the bases of a finite dimensional vector space have the same size.

2. If U is a vector subspace of a vector space V , then show that dim(U) + dim(U0) = dim(V ).

Solution: As U is a subspace of V , U + U0 = V and U ∩ U0 = {0}, where U0 is the complementary
subspace of U in V . Let dim(U) = m, dim(U0) = n and {v1, · · · , vm}, {w1, · · · , wn} are the bases of U
and U0 respectively.
Then for any x ∈ V , x = u + v for some u ∈ U and v ∈ U0, implies x =

∑m
i=1 αivi +

∑n
j=1 βjwj ,

implies B = {v1, · · · , vm, w1, · · · , wn} spans V . Also if
∑m
i=1 αivi +

∑n
j=1 βjwj = 0 =⇒

∑m
i=1 αivi =

−
∑n
j=1 βjwj ∈ U ∩ U0 = {0} =⇒ αi = 0, βj = 0, ∀ i ∈ {1, · · · ,m}, j ∈ {1, · · · , n} =⇒ B is linearly

independent. Thus B is a basis of V which implies that dim(V ) = m+ n = dim(U) + dim(U0).

3. If T : V →W is a linear transformation between vector spaces then show that rank(T )+nullity(T ) =
dim(V ), conclude that if dim(V ) = dim(W ), then T is injective iff T is surjective.

Solution: Let {v1, · · · , vm} be a basis of null space of T which is a subspace of V . Then, it can
be extended to a basis of V . Let {v1, · · · , vm, vm+1, · · · , vn} be the corresponding basis of V , where
n = dim(V ) ≥ m = nullity(T ). Therefore, if we show that {T (vm+1), · · · , T (vn)} is a basis for range of
T , then rank(T ) + nullity(T ) = (n−m) +m = n = dim(V ).
Let x ∈ range of T =⇒ x = T (v), for some v ∈ V =⇒ x = T (

∑n
i=1 αivi) = T (

∑n
i=m+1 αivi), as T (vi) =

0, ∀ i ∈ {1, · · · ,m}, implies {T (vm+1), · · · , T (vn)} spans the range of T . Now,
∑n
i=m+1 αiT (vi) = 0 =⇒

T (
∑n
i=m+1 αivi) = 0 =⇒

∑n
i=m+1 αivi ∈ null space of T =⇒

∑n
i=m+1 αivi =

∑m
j=1 βjvj =⇒∑m

j=1 βjvj −
∑n
i=m+1 αivi = 0 =⇒ βj = αi = 0,∀ j ∈ {1, · · · ,m}, i ∈ {m+ 1, · · · , n}, as {v1, · · · , vn} is

a basis of V . Therefore, {T (vm+1), · · · , T (vn)} is linearly independent and thus a basis for range of T .
Now if dim(V ) = dim(W ), then rank(T ) + nullity(T ) = dim(V ) = dim(W ). Therefore if T is injective
⇔ null space of T = {0} ⇔ nullity(T ) = 0⇔ rank(T ) = dim(W )⇔ range of T = W (as range of T is a
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subspace of W ) ⇔ T is surjective.

3. Let xi, yi, 1 ≤ i ≤ m. be 2m vectors in an inner product space V such that < xi, xj >=< yi, yj > for
all i, j (1 ≤ i, j ≤ m). Then show that there is an orthogonal linear transformation T : V → V such that
Txi = yi, 1 ≤ i ≤ m.

Solution: Let X = span({x1, · · · , xm}) and Y = span({y1, · · · , ym}). Now if < xi, xj >=< yi, yj >

,∀ i, j ∈ {1, · · · ,m}, then
∑k
i=1 αiyi = 0 ⇔<

∑k
i=1 αiyi, yj >= 0,∀ j ∈ {1, · · · , k} ⇔

∑k
i=1 αi <

yi, yj >= 0⇔
∑k
i=1 αi < xi, xj >= 0⇔<

∑k
i=1 αixi, xj >= 0,∀ j ∈ {1, · · · , k} ⇔

∑k+1
i=1 αixi = 0. Thus,

{x1, · · · , xk} is linearly independent iff {y1, · · · , yk} is linearly independent. Therefore, dim(X) = dim(Y )
and BX = {x1, · · · , xk} is a basis of X iff BY = {y1, · · · , yk} is a basis of Y .
Now we show that BX and BY can be extended to bases of V , say B1 = {x1, · · · , xn} and B2 =
{y1, · · · , yn}, such that xj ⊥ span({x1, · · · , xj−1}), yj ⊥ span({y1, · · · , yj−1}),∀ j ∈ {k + 1, · · · , n} and
< xi, xj >=< yi, yj >,∀ i, j ∈ {1, · · · , n}, where n = dim(V ) ≥ k.
Since X and Y are subspaces of V , then V = X

⊕
X⊥ = Y

⊕
Y ⊥. Choose xk+1 ∈ X⊥ and yk+1 ∈ Y ⊥

such that< xk+1, xk+1 >=< yk+1, yk+1 >. LetXk+1 = span(X
⋃
{xk+1}) and Yk+1 = span(Y

⋃
{yk+1}).

Then Xk+1 and Yk+1 are subspaces of V and dim(Xk+1) = dim(Yk+1). Also {x1, · · · , xk+1} and
{y1, · · · , yk+1} are bases of Xk+1 and Yk+1 respectively, such that xk+1 ⊥ {x1, · · · , xk} and yk+1 ⊥
{y1, · · · , yk} and < xi, xj >=< yi, yj >,∀ i, j ∈ {1, · · · , k + 1}.
Again, since Xk+1 and Yk+1 are subspaces of V and dim(Xk+1) = dim(Yk+1), then V = Xk+1

⊕
X⊥k+1 =

Yk+1

⊕
Y ⊥k+1. Similarly as above we can choose xk+2 ∈ X⊥k+1 and yk+2 ∈ Y ⊥k+1 such that< xk+2, xk+2 >=<

yk+2, yk+2 >. Then {x1, · · · , xk+2} and {y1, · · · , yk+2} are bases of Xk+2 = span(Xk+1

⋃
{xk+2}) ⊂

V and Yk+2 = span(Yk+1

⋃
{yk+2}) ⊂ V respectively, such that xk+2 ⊥ {x1, · · · , xk+1}, yk+2 ⊥

{y1, · · · , yk+1} and < xi, xj >=< yi, yj >,∀ i, j ∈ {1, · · · , k + 2}. Since n = dim(V ), by continuing
this process after n− k step we get the desired bases B1 and B2 of V .

Now, consider a map T : V → V such that T
(∑n

i=1 aixi

)
=
∑n
i=1 aiyi, for all scalar ai, i ∈ {1, · · · , n}.

Then T is linear, as T (αv+βw) = T
(
α
∑n
i=1 aivi+β

∑n
i=1 bivi

)
= T

(∑n
i=1(αai+βbi)vi

)
=
∑n
i=1(αai+

βbi)wi = αT (v) + βT (w), and T (xi) = yi,∀ i ∈ {1, · · · , n}. Now, since < xi, xj >=< yi, yj >,∀ i, j ∈
{1, · · · , n}, then for any v =

∑n
i=1 αixi and w =

∑n
i=1 βixi in V ,

< Tx, Ty >=< T (
∑n
i=1 αixi), T (

∑n
i=1 βixi) >=<

∑n
i=1 αiyi,

∑n
i=1 βiyi >=

∑n
i=1

∑n
j=1 αiβ̄j < yi, yj >=∑n

i=1

∑n
j=1 αiβ̄j < xi, xj >=<

∑n
i=1 αixi,

∑n
i=1 βixi >=< x, y >. Hence T is orthogonal.

5. Let L(U, V ) denote the set of all linear transformation from the vector space U to the vector space
V . Thus, L(U, V ) is a vector space with point wise operation. Show that its dimension is the product of
the dimensions of U and V .

Solution: Let BU = {u1, · · · , un} and BV = {v1, · · · , vm} be the bases for U and V respectively. For each
pair (p, q), where 1 ≤ p ≤ m and 1 ≤ q ≤ n, consider a map Tpq : U → V such that Tpq(

∑n
i=1 aiui) = aqvp

for all scalar ai, i ∈ {1, · · · , n}. Then Tpq is linear as Tpq(αv + βw) = Tpq

(
α
∑n
i=1 aivi + β

∑n
i=1 bivi

)
=

Tpq

(∑n
i=1(αai + βbi)vi

)
= (αaq + βbq)wp = αT (v) + βT (w). Hence Tpq ∈ L(U, V ),∀p ∈ {1, · · · ,m}, q ∈

{1, · · · , n}. Now, if we show that BL(U,V ) = {Tpq; 1 ≤ p ≤ m, 1 ≤ q ≤ n} forms a basis for L(U, V ), then
dim(L(U, V )) = nm = dim(U)× dim(V ).
Let T ∈ L(U, V ). Then for each j ∈ {1, · · · , n}, T (uj) ∈ V . Let T (uj) =

∑m
p=1 apjvp, for some scalars

apj , 1 ≤ p ≤ m. We show that T =
∑m
p=1

∑n
q=1 apqTpq =⇒ BL(U,V ) spans L(U, V ).

Since,
∑m
p=1

∑n
q=1 apqTpq(uj) =

∑m
p=1 apjvp = T (uj), for all j ∈ {1 · · · , n}, =⇒ T =

∑m
p=1

∑n
q=1 apqTpq.

Also
∑m
p=1

∑n
q=1 apqTpq = 0 =⇒

∑m
p=1

∑n
q=1 apqTpq(uj) = 0,∀j ∈ {1 · · · , n} =⇒

∑m
p=1 apjvp = 0 =⇒

apj = 0,∀ p ∈ {1, · · · ,m}, j ∈ {1, · · · , n}. Thus BL(U,V ) is linearly independent. Hence BL(U,V ) is a basis
for L(U, V ).
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