SOLUTION SEPTEMBER 2017
M. MATH LINEAR ALGEBRA MID-TERM EXAM SEMESTER I

Remark: All vector spaces in these questions are finite dimensional over a common field.
Each question carries 20 marks.

1. Show that all the bases in a vector space have the same size.

Solution: Let V be a finite dimensional vector space in which A = {v1,v2, -+ , v} and B = {wy,wa, - -
,wp}, where m,n € N, be two sets of vectors. First we show that if A is linearly independent and B
spans V', then m < n.

Let m > n. Now, A is linearly independent — wv; # 0,V i € {1,--- ,m}. Also B spans V —
v1 = Yoy ow;. Then a; # 0, for some ¢ € {1,---,n}, otherwise v; = 0. Let k be the first index
for which oy, # 0. Now interchange the indices k <> 1 in B we get vy = > .~ a;w;, where oy # 0

ar
v = Pro1 + Y iy Biw;. Now if 8; = 0,V i € {2,---,n} = wvy = Bvy = wvy,vy are linearly
dependent, a contradiction, hence ; # 0, for some i € {2,--- ,n}. Let j be the first indices in {2, -+ ,n}
for which B; # 0. Similarly as above by rewriting the indices in B; we get B2 # 0. Hence vy =

= w = 1 (vl -3, aiwi>. Therefore if By = {vy,ws, - ,wy,}, then B; also spans V. Thus,

é(vg — Prvr — >0, Biwi), implies By = {v1,v9, w3, - ,w,} spans V.

Since m > n we can continue this process up to n times. At the n-th step we get B,, = {v1,v2, - ,v,}
spans V, implies A = {v1,--- , v, } is linearly dependent, a contradiction. Hence m < n.

Now, if A and B are both bases of V' then using above result we get m < nand n <m = m = n.
Hence all the bases of a finite dimensional vector space have the same size.

2. If U is a vector subspace of a vector space V, then show that dim(U) + dim(U°) = dim(V).

Solution: As U is a subspace of V, U +U° =V and U N U° = {0}, where U is the complementary
subspace of U in V. Let dim(U) = m, dim(U") = n and {v1, - ,vm}, {w1,- -+ ,w,} are the bases of U
and UY respectively.

Then for any z € V, 2 = u + v for some v € U and v € U°, implies z = Z:r;l a;v; + Z?zl Bijw;,
implies B = {v1,++ , Uy, w1, -+ ,wy, } spans V. Also if > azv; + Z;-lzl Biw; =0 = Y au; =
—Z;-l:lﬂjwj eUNU’={0} = «a;=0, 3;=0,Vie{l,---,m}, j€{l,---,n} = B is linearly
independent. Thus B is a basis of V which implies that dim(V) = m +n = dim(U) + dim(U°).

3. If T: V — W is a linear transformation between vector spaces then show that rank(T) +nullity(T) =
dim(V'), conclude that if dim(V') = dim (W), then T is injective iff T is surjective.

Solution: Let {vy,---,v,} be a basis of null space of T which is a subspace of V. Then, it can
be extended to a basis of V. Let {v1, -, Um,Um41, - ,Un} be the corresponding basis of V', where
n = dim(V) > m = nullity(T). Therefore, if we show that {T(vm41), - ,T(vn)} is a basis for range of
T, then rank(T) + nullity(T) = (n — m) + m = n = dim(V).

Let z € range of T = = T(v), forsomev € V. = = =T}/ o) =T (X, 11 ivi), as T(v;) =
0, Vie{l,---,m}, implies {T(vm+1), -+, T(vn)} spans the range of T. Now, Y1 ;T (v;) =0

T i qvi) =0 = > o € null space of T = 3700 agu = X001, Bjvy, =
Z;n:lﬁjvj Y @ii =0 = Bi=0a; =0,Vje{l,--- m}ie{m+1,--- ,n} as {v, -, 0.} is
a basis of V. Therefore, {T(vpm41),- -+, T (vn)} is linearly independent and thus a basis for range of T
Now if dim(V') = dim(W), then rank(T') + nullity(T) = dim(V') = dim(W). Therefore if T is injective
< null space of T' = {0} < nullity(T) = 0 < rank(T) = dim(W) < range of T = W (as range of T is a



subspace of W) < T is surjective.

3. Let x;,9;,1 <4 <m. be 2m vectors in an inner product space V such that < z;,2; >=<y;,y; > for
all 4,5 (1 <4,5 <m). Then show that there is an orthogonal linear transformation 7 : V' — V such that

Solution: Let X = span({z1,--- ,2m}) and Y = span({y1, - ,ym}). Now if < z;,x; >=< y;,y; >
. k k . k

Vi, j e {l,---,m}, then >, j oy = 0 &< Y7 ay,y; >= 0V j e {1,--- k} & > 0 <

Yi,y; >=0%& Zle a; < xp,x; >=06< Zle OTq, Tj >= 0,Vje {1, s ,k} = Zfill a;x; = 0. Thus,

{x1,- -+ ,z1} is linearly independent iff {y1,- -,y } is linearly independent. Therefore, dim(X) = dim(Y")
and Bx = {1, -+ ,xx} is a basis of X iff By = {y1, -+ ,yr} is a basis of Y.

Now we show that Bx and By can be extended to bases of V, say By = {z1,---,z,} and By =
{y1? e 7y7l}7 such that Zj 1 span({ml, e 7xj—1})7 Yj 1 Span({y17 T ayj—l})vvj S {k + la T 7n} and
< @i, x; >=<vy;,y; >, Vi, je{l,---,n}, where n =dim(V) > k.

Since X and Y are subspaces of V', then V = X@Xl = Y@YJ-. Choose 11 € X+ and yp4 1 € Y+
such that < zpy1, Trr1 >=< Yg+1, Yk+1 > Let X1 = span(X U{zr+1}) and Y1 = span(Y U{yr+1})-
Then X1 and Yji1 are subspaces of V and dim(Xi41) = dim(Yig41). Also {z1,- -, 241} and
{y1, - ,yr+1} are bases of Xy y; and Yy respectively, such that xpy1 L {21, -+, 2} and yreq L
{y1,-- ,yet and < x;,x; >=<y,,y; >, Vi, je{l,---  k+1}

Again, since X1 and Yy are subspaces of V and dim(Xyy1) = dim(Yy41), then V = X1 P X,ﬂ-_H =
Yit1 P Ykﬁ_l. Similarly as above we can choose zj o € Xkl+1 and yp42 € Ykﬁ_l such that < xpy9, Trpto >=<
Yk+2, Yk+2 >. Then {x1, - ,xx42} and {y1, -+ ,yr+2} are bases of Xiio = span(Xgi1 U{zrs2}) C
V and Yiio = span(Yis1 U{yr+2}) C V respectively, such that xpio L {z1, - ,Tks1}, Yk L
{y1,- s ypt1} and < x4, >=< y;,y; >,V 4,5 € {1,--- ,k+2}. Since n = dim(V), by continuing
this process after n — k step we get the desired bases By and By of V.

Now, consider a map T : V' — V such that T(Z?Zl ai;vi) =Y, ay;, for all scalar a;,4 € {1,--- ,n}.

Then T is linear, as T'(av+ Bw) = T(a Yo aivi+BY bivi) = T( Z?Zl(aai—i—ﬂbi)vi) =>" (aa;+
Bb))w; = oT'(v) + T (w), and T(z;) = y;,V ¢ € {1,--- ,n}. Now, since < z;,z; >=< y;,y; >,V i,j €
{1,--+ ,n}, then for any v = > | ayz; and w =Y | Biw; in V, B

< T, Ty >=< T3y 0iws), T(Ciny Biwi) >=< sy aitgi, 2oy Bii >= 2oy 2y @by < Yisys >=
Doy Yy iy < mp,ay >=< Y0 aimy, i fiwi >=< x,y >. Hence T is orthogonal.

5. Let L(U,V) denote the set of all linear transformation from the vector space U to the vector space
V. Thus, L(U, V) is a vector space with point wise operation. Show that its dimension is the product of
the dimensions of U and V.

Solution: Let By = {u1, - ,u,} and By = {v1, -+ , v, } be the bases for U and V respectively. For each
pair (p, q), where 1 <p <m and 1 < ¢ < n, consider amap T}, : U — V such that T,,,(>_7_, a;u;) = aqup

for all scalar a;,7 € {1,--- ,n}. Then T, is linear as Tp,(av + fw) = Tp, (a S avi+ B3 b,-v,) =

Tpq ( S (ca; + ,Bbi)vl) = (aaq + Bbg)w, = aT'(v) + BT (w). Hence T,,, € L(U,V),¥p e {1,--- ,m},q €
{1,---,n}. Now, if we show that Br,vy = {Tpe; 1 <p <m,1 < g < n} forms a basis for L(U, V), then
dim(L(U,V)) = nm = dim(U) x dim(V).

Let T € L(U,V). Then for each j € {1,---,n}, T(u;) € V. Let T(u;) = 7" | apjvy, for some scalars
apj, 1 <p <m. We show that T'=3""" | "0 apgTpg = Brw.v) spans L(U,V).

Since, Y501 D ov_q apgTpqg(ug) = 300 apjvp = T(uy), forallj € {1--- ,n}, = T =3"" 30 apTpq-
Also 3700 301 apgTpg =0 == 3700, 300 apgTpg(uy) = 0,V5 € {1+ ,n} = 370, apjv, =0 =
ap; =0,Vpe{l,---,m},j€{l,--- ,n}. Thus B,y is linearly independent. Hence By (y,y) is a basis
for L(U, V).



